In this paper we use the O'Nan-Scott Theorem and Aschbacher's theorem to classify the primitive permutation groups of degree less than 2500. MSC: 20B15, 20B10
The primitive groups with soluble socles are the groups of affine type. There is a natural isomorphism between the point stabilisers of such groups and the irreducible subgroups of the general linear group, so the classification of primitive groups of affine type is equivalent to the classification of irreducible subgroups of GL n (p) for prime p.
This latter question has generated considerable interest in its own right. Some of the earliest work was by Harada and Yamaki, who classified the irreducible subgroups of GL(n, 2) for n ≤ 6 [14] . Kondratiev classified the insoluble subgroups of GL(n, 2) for n ≤ 9 [24, 25, 26, 27] , but these calculations were performed by hand and representations were not given. The soluble groups of affine type were classified (with only a couple of omissions) up to degree 255 by Short in 1991 [46] . This list, along with Dixon and Mortimer's list (which also omitted a few groups) were made into a GAP database by Theißen [48] : Short's list was also turned into a Magma database.
Two papers have appeared recently which further extend these classifications. Eick and Höfling classified the primitive soluble groups of degree less than 6561 [12] , and the author and Unger classified all primitive groups of degree less than 1000 [45] , as well as rechecking much of the work of Dixon and Mortimer. This latter classification is available in Magma, and will be available in GAP shortly.
The purpose of this paper is to classify the primitive groups of degree less than 2500. Our main theoretical tools are CFSG, the O'Nan-Scott Theorem, and Aschbacher's theorem. Our approach is heavily computational, and as far as possible our calculations have been performed with minimal direct intervention, to reduce the risk of error. The list of primitive groups of affine type of degree less than 1000 has been taken as given, but all other groups have been re-calculated. In particular this has found a cohort of primitive groups, of degree 574, that were missing from all previous classifications.
In Section 2 we present the O'Nan-Scott Theorem, and describe Aschbacher's theorem. In Section 3 we use Aschbacher's theorem to classify the primitive groups with soluble socles of degree less than 2500. In Section 4 we classify the almost simple primitive groups of degree less than 2500, then in Section 5 we deal with the groups with nonabelian composite socles. In Section 6 we describe the checks that have been applied to our work, and list the group-theoretic results which we have assumed to be true. Finally in Section 7 we tabulate our results.
One of the main values of this classification is that we have built a database of the resulting groups: this will be released in the near future in both GAP and Magma format. In the meantime, the groups are available from http://magma.maths.usyd.edu.au/users/colva.
Preliminary Results
In this section we give some key definitions and preliminary lemmas, before stating the O'Nan-Scott Theorem, which describes the structure of primitive groups. We then give a brief description of Aschbacher's theorem. Definition 2.1 Let G ≤ S n . Then G is transitive if for all α, β ∈ {1, . . . , n} there exists g ∈ G such that α g = β. If G is transitive and there exists a proper nontrivial equivalence relation ∼ on {1, . . . , n} such that α ∼ β if and only if α g ∼ β g , for all g ∈ G and all α, β ∈ {1, . . . , n}, then we say that G is imprimitive. Otherwise, a transitive group G is primitive.
We wish to classify the primitive subgroups of S d for d ≤ 2500, up to conjugacy in S d . It is well-known that conjugacy in the symmetric group is equivalent to permutation isomorphism. Two permutation groups G ≤ Sym(Ω) and H ≤ Sym(Ω ) are permutation isomorphic if there exists a group isomorphism φ and a bijection δ : Ω → Ω such that for all α ∈ Ω and g ∈ G we have (α g )δ = (αδ) (gφ) .
If H is a maximal subgroup of G, then we write H ≤ max G. We denote the stabiliser in G of α by G α The following lemma is classical.
Lemma 2.2 Let G ≤ S n be transitive. Then G α ≤ max G if and only if G is primitive. P
The study of finite primitive permutation groups is therefore equivalent to the study of the maximal subgroups of finite groups. Let G be an almost simple group with socle T , then the maximal subgroups of G are divided into three types. A group H ≤ max G is a triviality if T ¢ H. The subgroup H is a novelty maximal if (H ∩ T ) ≤ max T . Otherwise H is an ordinary maximal subgroup of G.
In MagmaV2.11, the maximal subgroups of a group G may be calculated if each nonabelian simple composition factor L of G satisfies at least one of the following:
If G is in this list, and G is not L n (2) for n ≥ 10, then we say that G is amenable. The maximal subgroups of the alternating and symmetric groups may be classified up to the same degree as the primitive almost simple groups, using the O'Nan-Scott theorem and work of Liebeck, Praeger and Saxl [31] . We describe the techniques used to classify the maximal subgroups of groups in classes 2, 3, 5 and 6 in [4] . The groups in classes 1 and 7 are wellunderstood. In [45] we classified the maximal subgroups of L 8 (2) and L 9 (2); the maximals of GL n (2) for n = 10, 11 will be classified in the course of this article.
A second reason for the study of primitive groups is that they are the basic building blocks of all finite permutation groups. Any intransitive group is a subdirect product of its transitive constituents, and any imprimitive permutation group embeds into the (imprimitive) wreath product of certain primitive subgroups and quotient groups, so any permutation group embeds into a suitable product of primitive groups.
The O'Nan-Scott Theorem describes the possible structures of the finite primitive groups. There are many extant variants of this theorem; the version given below is from [11] . Before stating it we require a few more definitions. The socle of a group G is the subgroup generated by the set of minimal normal subgroups of G; we denote it by Soc(G). A permutation group G is regular if G is transitive and the stabiliser of any point is the identity. 1. |H| = p n for some prime p, H is regular and elementary abelian. Then d = p n and G is isomorphic to a subgroup of the affine general linear group AGL n (p);
2.
H is isomorphic to a direct power T n of a nonabelian simple group T and one of the following holds:
(a) n = 1 and G is isomorphic to a subgroup of Aut(T );
(b) n ≥ 2 and G is a group of "diagonal type" with d = |T | n−1 .
(c) n ≥ 2. For some proper divisor m of n and some primitive group U with socle isomorphic to T m , G is isomorphic to a subgroup of the product action wreath product U S (n/m) . The group U is of type 2(a) or 2(b), and d = l n/m , where l is the degree of U .
(d) n ≥ 6, H is regular, and G is a group of "twisted wreath product" type, with
We say that groups in class 1 are of affine type and groups in class 2(a) are almost simple. Note that class 2(a) is different from all of the others, in that no action is specified. More information about diagonal and product action groups is given in Section 5.
A second key theorem which we will make extensive use of in this article is Aschbacher's theorem [1] , which may be briefly summarized as follows: Theorem 2.4 (Aschbacher's Theorem) Let G be a subgroup of GL(n, q) and let Z := Z(GL(n, q)). Then one of the following holds:
C 5 G is a tensor product group. C 6 G is a subgroup of the normaliser of an extraspecial r-group for some prime r such that n = r s , or the normaliser of a 2-group of symplectic type.
C 7 G is a tensor induced group.
C 8 G lies between a quasisimple classical group and its normaliser.
is almost simple, absolutely irreducible, and written over a minimal field.
In its full generality, this theorem describes subgroups of any classical group except for orthogonal groups of plus type in dimension 8; and symplectic groups of dimension 4 and characteristic 2 that contain a graph automorphism. In particular the 9 classes given in the theorem describe all possible types of maximal subgroups of any classical group (with the stated two exceptions). We say that a subgroup of a classical group is AS-maximal if it is a maximal member of its Aschbacher class. See [22] for a considerably expanded statement and explanation of the theorem.
We finish this section with some notation. Generally, we follow ATLAS [8] notation for groups, thus D n is the dihedral group of order n. The letter p will always denote a prime, and the letter q := p e will be a prime power. We recall the exceptional isomorphisms (2) and U 4 (2) ∼ = S 4 (3). We will consider each of these groups to be the first one listed here. The only point where we divert from ATLAS notation is in our naming of the orthogonal groups, where PΩ (n, q), ∈ {+, −, •}, denotes a simple orthogonal group.
Groups of Affine Type
In this section we classify the primitive groups of affine type of degree d, for 1000 ≤ d < 2500.
p . The group AGL n (p) can be written as a split extension of a regular elementary abelian p-group of order p n , which we identify with V , and a point stabiliser, which we identify with GL n (p). If G ≤ AGL n (p) satisfies V ¢ G, then G is a group of affine type. Under the map from the point stabiliser of AGL n (p) to GL n (p), the stabilisers of primitive groups of affine type map to the irreducible subgroups of GL n (p).
It is well-known that two irreducible subgroups of GL n (p) are conjugate if and only if the corresponding groups of affine type are conjugate in S p n . Therefore the classification of the primitive groups of affine type of degree less than 2500 is equivalent to the classification of the irreducible subgroups of GL n (p) for p prime and p n < 2500.
The algorithm IrreducibleSubgroups given in [45] returns the set of irreducible subgroups of GL n (p), up to conjugacy in GL n (p). Determining conjugacy in the general linear group is the main computational hurdle: see [44] for details.
As input to IrreducibleSubgroups we require a list M of subgroups of GL n (p). We use Aschbacher's theorem and other information to construct an initial list M that contains GL n (p) and all irreducible AS-maximal subgroups of GL n (p) that might be maximal. It does not matter if some are in fact not maximal. We then go through M and, for each group G that is not amenable, we find the irreducible maximal subgroups of G, and add to M those that are not known to be properly contained in an amenable subgroup of M. We iterate this procedure until all subgroups in M have been considered. We call a list M of subgroups of GL n (p) constructed via the above procedure a complete input list.
The prime powers p n in the range 1000 ≤ p n < 2500 are as follows: p 2 for 37 ≤ p ≤ 47; p 3 for 11 ≤ p ≤ 13, 7 4 , 3 7 , 2 10 , 2 11 . It follows from the list of amenable groups in § 2 that we only need to use the algorithms of [45] for the final three cases. We consider each of them separately.
Then M is a complete input list for GL 7 (3).
Proof:
We start by letting M := {GL 7 (3), SL 7 (3)}. We then use Aschbacher's theorem to find the irreducible AS-maximal subgroups of GL 7 (3). The group GL 1 (3) S 7 preserves a quadratic form, and hence is nonmaximal. We add the unique AS-maximal superfield group to M. There are no C 4 or C 7 groups since 7 is prime, and no subfield groups since 3 is prime. There are no C 6 groups since 7 does not divide 3 − 1. The only classical group is N GL 7 (3) (SO 7 (3)).
We see in [16] that there are no C 9 groups other than possibly groups of Lie type defined over characteristic 3: consulting [32] we see that this latter possibility does not occur.
The only non-amenable group on the list is SL 7 (3). However, the maximal subgroups of SL 7 (3) are all contained in amenable maximal subgroups of GL 7 (3), so we do not need to add any groups to M. P Lemma 3.2 Let G be a maximal irreducible subgroup of GL 10 (2). Then G is one of the following:
Proof: We start by applying Aschbacher's theorem. There are three AS-maximal imprimitive groups, but it is shown in [22] that GL(k, 2) S t is nonmaximal for k ≤ 2. We list both AS-maximal superfield groups. It is shown in [22] that GL 2 (2) • GL k (2) is nonmaximal for all k. There are no subfield groups, since 2 is prime, and no C 6 groups, since 10 is not a prime power. There are no tensor induced groups, since 10 is not a proper power. Since 2 is not a square, and is even, the only maximal classical subgroup is Sp 10 (2). We now consider C 9 groups. We consult [16] for a description of the almost simple groups that are not groups of Lie type in characteristic 2, and find that the only group which does not preserve a quadratic form is M 22 .2, of which there are two copies, conjugate under the inverse-transpose automorphism of GL 10 (2). We see in [32] to see that the only other C 9 group is PGL 5 (2) . P
of one of the following groups:
The only imprimitive AS-maximal is GL 1 (2 2 ) S 5 , which is nonmaximal. The only superfield AS-maximal is given. Since 5 is prime there are no C 4 or C 7 groups. The only subfield AS-maximal is listed. Since 5 does not divide 4 − 1 there are no C 6 groups. Since 5 is odd and 4 is even, the only irreducible classical AS-maximal is U 5 (2).
Next we consider C 9 groups. Consulting [32] we see that there are no groups of Lie type in characteristic 2 that do not preserve classical forms. It then follows from [16] that the only C 9 group is L 2 (11), which has a representation over F4 . P The normalisers of each of these groups in ΓL 5 (2 2 ) may be readily computed. Proof: It follows from Aschbacher's theorem, and the fact that Sp 2 (2) S 5 preserves a quadratic form, that if G is a maximal irreducible geometric subgroup of Sp 10 (2) then G is Sp 2 (2 5 ).5 or SO ± 10 (2). There are no representations of almost simple groups as subgroups of Sp 10 (2) that do not preserve quadratic forms. P
We let
Corollary 3.5 Let M be as above. Then M is a complete input list for GL 10 (2).
Proof: We construct a complete input list according to the above procedure. First we have GL 10 (2) itself. It has no trivialities, so we start with the groups listed in Lemma 3.2.
The first non-amenable group is ΓL 5 (4). We append all groups G such that SL 5 (4) ≤ G < ΓL 5 (4) to M, then adjoin all of the other groups listed in Lemma 3.3, except for
The next non-amenable group is Sp 10 (2). It has no trivialities, and we adjoin to M all of its non-semilinear irreducible maximal subgroups, from Lemma 3.4.
It follows from the proof of Lemma 3.3 that each of the irreducible maximal subgroups of ΣL 5 (4), GL 5 (4) and SL 5 (4) is either listed in M or is contained in an amenable element of M.
The next non-amenable group is SO + 10 (2), whose irreducible maximal subgroups are listed in the ATLAS (and corrected in [19] ). Next we find SO − 10 (2), and append those of its irreducible maximal subgroups that are not obviously contained in an amenable member of M. The group Ω + 10 (2) has no irreducible maximal subgroups, and with the exception of M 12 : 2, the irreducible maximal subgroups of Ω − 10 (2) are contained in S 12 , (3 × U 5 (2)) : 2 or GL 2 (5) S 2 . P Proposition 3.6 Let M := {GL 11 (2), ΓL 1 (2 11 ), M 24 (2 copies)}. Then M is a complete input list for GL 11 (2).
We start by finding the maximal irreducible subgroups of GL 11 (2). The imprimitive group GL 1 (2) S 11 is reducible, and hence nonmaximal. The unique AS-maximal superfield group is in M. There are no C 4 or C 7 groups since 11 is prime. There are no C 5 groups since 2 is prime. There are no C 6 groups since 11 does not divide 2 − 1. There are no classical groups since SO 11 (2) is reducible. We consult [16, 32] to find that M 23 and M 24 are the only C 9 groups. The subgroup of M 24 that is isomorphic to M 23 is acting irreducibly in this representation, we we append only M 24 to M.
Since all of the irreducible maximal subgroups of GL 11 (2) are amenable, we are done. P Given the complete input lists given in Proposition 3.1, Corollary 3.5 and Proposition 3.6, we can use them as input to the algorithms presented in [45] to compute the irreducible subgroups of GL 7 (3), GL 10 (2) and GL 11 (2) respectively. Thus the affine primitive groups of degree less than 2500 are known. The results are given in Table 7 .
Almost Simple Groups
In this section we classify the almost simple primitive groups of degree less than 2500. This is a three stage process. In subsection 4.1 we determine the simple groups that have an action of degree less than 2500. For the alternating groups we determine which groups only have actions on the cosets of intransitive subgroups, and for the classical groups we determine in subsection 4.2 which groups only have actions on the cosets of reducible subgroups. Finally, we discuss on an individual basis the groups which have at least one action of degree less than 2500, that is on the cosets of an irreducible subgroup, provided that these groups are neither described in the ATLAS nor amenable. Note that the results of this section re-check those of [10] .
Let G be an almost simple group. By P (G) we denote the minimal integer d such that G has a faithful primitive permutation action of degree d.
Lemma 4.1 Let G be an almost simple group with socle S, and suppose that S < G ≤ Aut(S). Then P (G) ≥ P (S).
Proof: Let H ≤ G be the point stabiliser in a primitive faithful action for G of degree P (G). Since the action of G is faithful, H must be core-free, and so in particular S ≤ H.
The degree of the action is [G :
H] = [S : (S ∩ H)], so if H ∩ S is maximal in S then P (G) = P (S), otherwise P (G) > P (S). P
The determination of socles
In this subsection we consider each of the families of simple groups in turn, and establish which of these groups could be the socle of a primitive almost simple group of degree less than 2500.
Proposition 4.2 If
A n or S n has a faithful primitive action, other than the natural action, of degree less than 2500, then n ≤ 71. If H, the point stabiliser in this action, is transitive on {1, . . . , n}, then n ≤ 14. If H acts primitively on {1, . . . , n}, then n ≤ 12.
Proof: Let X = A n , and assume that n ≥ 7. Let X 0 = A n−1 be a proper subgroup of X, and assume that X 0 is either a point stabiliser in a primitive action of A n on a set S of size less than 2500, or that X 0 = Y 0 ∩ A n , where Y 0 is a point stabiliser in a primitive action of S n on S. We will prove the lemma by examining the action of X 0 on {1, . . . , n}. If X 0 has an orbit of length 1 then X 0 is conjugate to a subgroup of A n−1 . If the almost simple group is A n then since X 0 ≤ max X we must have X 0 ∼ = A n−1 , and hence the action is the natural action, a contradiction. Suppose that X 0 is primitive in its action on {1, . . . , n}. By Bochert's Theorem [18, Section 14.2], the index |S n : X 0 | > (n + 1)/2 ! so, since |A n : X 0 | < 2500, we have |S n : X 0 | < 4999, so n ≤ 12.
Next suppose that X 0 is transitive but imprimitive in its action on {1, . . . , n}. If X 0 has a block of size d, and m := n/d, then X 0 can be embedded in ( 
Since f (m, d) increases monotonically in both variables and f (2, 8) = 6435, f (3, 4) = 5775, f (4, 3) = 15400, f (6, 2) = 10395, we conclude that |A n : X 0 | > 2500 whenever n = md > 14. Finally, suppose that X 0 is intransitive in its action on {1, . . . , n}, but has no orbit of length 1. Let Γ be the smallest orbit of X 0 , and suppose that |Γ| = k. Then X 0 ≤ (S k ×S n−k ), so |X 0 | < k!(n − k)!/2, and
Therefore, n ≤ 71. P Proposition 4.3 Let G be an almost simple classical group with a faithful primitive permutation action of degree less than 2500. Then the socle S of G appears in Table 4 .1.
Proof: By Lemma 4.1 it suffices to consider the simple classical groups. The result for each of them follows from [22, Table 5 .2.A]: we will however discuss each case individually, for the sake of clarity. In the linear case, for (n, q) ∈ {(2, 5), (2, 7), (2, 9), (2, 11), (4, 2)} we have P (L n (q)) = (q n − 1)/(q − 1). The exceptions all have representations of degree less than 2500.
In the unitary case, for q = 5 we have P (U 3 (q)) = q 3 + 1; whilst P (U 3 (5)) = 50. We have P (U 4 (q)) = (q + 1)(q 3 + 1). For n ≥ 5
unless q = 2 and n is divisible by 6, in which case P (U n (2)) = 2 n−1 (2 n − 1)/3. In the symplectic case, for q = 2 and n ≥ 4, P (S n (q)) = (q n − 1)/(q − 1). For q = 2 we have P (S n (2)) = 2 n/2−1 (2 n/2 − 1). Recall that S 2 (q) ∼ = L 2 (q).
Finally we consider the orthogonal groups, namely PΩ 2m (q) for ∈ {+, −} and m ≥ 4, and PΩ 2m+1 (q) for m ≥ 3. Recall that PΩ 2m+1 (2 i ) ∼ = S 2m (2 i ) for i > 1, so in odd dimensions we may assume that q is even. In odd dimensions, for q ≥ 5, P (PΩ 2m+1 (q)) = (q 2m − 1)/(q − 1). We have P (PΩ 2m+1 (3)) = 3 m (3 m − 1)/2. In even dimensions, if q ≥ 3 then
. For groups of minus type we have P (PΩ − 2m (q)) = (q m + 1)(q m−1 + 1)/(q − 1), for all q. P Proposition 4.4 Let G be an almost simple exceptional group with a faithful primitive permutation action of degree less than 2500.
: all of these groups are described in the ATLAS.
Proof: By Lemma 4.1, it suffices to consider the simple exceptional groups. We deal first with the untwisted groups:
We then examine the twisted
If a group has a primitive permutation representation of degree d then its representation as permutation matrices over a field of characteristic coprime to the group order has a constituent of degree d − 1.
The minimal degree of a projective irreducible representation of E 6 (q) over a field of characteristic other than p is q 9 (q 2 − 1) [28] , so P (E 6 (q)) > q 9 (q 2 − 1). In particular, if q ≥ 3 then P (E 6 (q)) > 2500. None of the maximal subgroups of E 6 (2) have index less than 2500 [23] .
The corresponding bounds for E 7 (q) and E 8 (q) are q 15 (q 2 −1) and q 27 (q 2 −1) [28] . Thus, for all q, P (E 7 (q)) > 2500 and P (E 8 (q)) > 2500.
The minimal degree projective representation of F 4 (q) is at least q 9 /2 for q > 2 [28] , so P (F 4 (q)) > 2500 for all q > 2. The ATLAS shows that P (F 4 (2)) = 69615.
For q > 4 the largest maximal subgroup of G 2 (q) has order less than q 6 (q 2 − 1)(q − 1) [29, Thm 5.2i ]. This implies that P (G 2 (q)) > 2500 for all q ≥ 5. The group G 2 (2) is not simple. The remaining groups, G 2 (3) and G 2 (4), appear in the ATLAS, and are shown to have maximal subgroups of index less than 2500.
Next we consider the twisted groups. The minimal degree for a projective representation of 2 B 2 (2 2m+1 ) = Sz(2 2m+1 ) in coprime characteristic is 2 m (2 m − 1) [28] . Thus if Sz(2 2m+1 ) has a primitive permutation representation of degree less than 2500 then m ≤ 3. In [33] the work of Suzuki is used to give a precise description of the maximal subgroups of Sz(q), which eliminates Sz(128). The remaining groups, Sz(8) and Sz(32), are described in the ATLAS: both have maximal subgroups of index less than 2500.
For all q, the order of a maximal subgroup of 3 D 4 (q) is bounded above by q 12 (q 6 −1)(q−1) [29] . Therefore, for q ≥ 3 we have P ( 3 D 4 (q)) > 2500. The group 3 D 4 (2) is described in the ATLAS; it has maximal subgroups of index less than 2500.
The minimal degree of a projective representation in comprime characteristic of 2 E 6 (q) is q 14 [28] . This is greater than 2500 for all q.
For all q > 2, the order of a maximal subgroup of 2 F 4 (q) is bounded above by q 12 (q 2 + 1)(q − 1) 2 [29] . This implies that for all q > 3 we have P ( 2 F 4 (q)) > 2500. The group 2 F 4 (2) is not simple. Its socle, 2 F 4 (2) , is described in the ATLAS: it has maximal subgroups of index less than 2500.
Finally, we have that the minimal degree of a projective representation of 2 G 2 (3 1+2m ) = R(3 1+2m ) is 3 1+2m (3 1+2m − 1) [28] . We require m > 0 as 2 G 2 (3) = L 2 (8) : 3. This leaves only 2 G 2 (3 3 ), which is described in the ATLAS: it has no subgroups of index less than 2500.
P
The maximal subgroups of all sporadic groups S for which P (S) < 2500 are described in the ATLAS.
Reduction of actions
Proposition 4.5 Let G be an almost simple group of Lie type and suppose that (a) G has a primitive permutation action of degree less than 2500, and (b) G is not described in the ATLAS. Then the point stabiliser of G is reducible unless the socle of G is one of:
for e ≥ 3 and p e ∈ {32, 64, 81}, L 4 (q) for 4 ≤ q ≤ 5, U 4 (4), U 6 (2), S 4 (q) for 5 ≤ q ≤ 8, S 6 (4), S 10 (2) or S 12 (2).
Proof: We discuss only the nonamenable groups.
Suppose that the socle of G is L 5 (q), for some q with 3 ≤ q ≤ 5. If q is odd then the largest irreducible maximal subgroup of G is almost simple with socle Ω 5 (q) [ Now suppose that the socle of G is L n (2) with n ∈ {7, 9, 11}. If n = 9, 11 then the maximal irreducible subgroups of G have index greater than 2 (n−2)(n−3)/2 > 2500 [21, Thm 1]. If n = 7 then the largest irreducible maximal subgroup of G has order less than 2 18 [30, Thm 5.1], and hence index greater than 2500.
We complete the linear case by supposing that G is L 7 (3). Then [21, Thm 1] states that the largest irreducible maximal subgroup of G has index at least 3 15 .
We Theorem 5.2 of [30] states that the largest irreducible subgroup of S 4 (9) is L 2 (81).2, which has index greater than 2500.
Finally, we consider the orthogonal groups. The largest irreducible maximal subgroup of a group with socle PΩ 12 (2) is N G (GU 6 (2).2) in type + and A 13 in type − [30, Thm 5.4 + discussion] . Each of these has index greater than 2500. P Proposition 4.6 Let G be a primitive almost simple classical group of degree less than 2500. If G is not described in the ATLAS, is not amenable, and all faithful primitive permutation actions of G of degree less than 2500 are on the cosets of reducible subgroups, then the primitive permutation representations of G are as described in § 7.
Proof: Let G be a group satisfying the hypotheses of the proposition. Then the socle of G is one of
For each of the above groups L n (q) we use the algorithms of [17] to construct the k-space stabiliser for 1 ≤ k ≤ d/2 and, if the corresponding permutation representation has degree less than 2500, we insert the corresponding permutation representation, with normaliser PΓL n (q). We use [17] to construct the novelty maximals of L2 n (q), which extend to PΓL 2 n (q), and include these as appropriate.
In the unitary case, we use [17] to construct the stabiliser of an isotropic point, a nonisotropic point, and an isotropic 2-space. Only the action on the cosets of the first of these has degree less than 2500: this action extends to PΓU 4 (5).
In a symplectic geometry all points are isotropic, so we use [17] to construct the stabiliser of a point and a totally isotropic 2-space. Both of these have index less than 2500, and the corresponding permutation action extends to the full automorphism group.
Finally, in the orthogonal cases we find that the stabilisers of an isotropic and of a nonisotropic point have indices less than 2500, but that the stabilisers of any larger subspaces have indices greater than 2500. The point stabilisers extend to maximal subgroups of Aut(PΩ 12 (2)) = PSO 12 (2) . P Corollary 4.7 Let G be an almost simple primitive group of degree less than 2500. If G is not a classical group acting on the cosets of a reducible subgroup, then either G is described in the ATLAS, or G is amenable, or the socle of G is one of: U 4 (4), U 6 (2), S 4 (8), S 6 (4), S 10 (2), S 12 (2).
Proposition 4.8
If G is a group whose socle is one of the exceptions listed in the previous corollary, then the faithful primitive permutation actions of G are as described in §7.
Proof: First we examine U 4 (4). The C 2 AS-maximals have index greater than 2500. There are no AS-maximals in C 3 , C 4 , C 6 , C 7 or C 8 . The unique AS-maximal subfield group is N U 4 (4) (S 4 (4)) = S 4 (4), of index 1040. Consultation of [16, 32] shows that there are no maximal C 9 groups. Thus the only entries in Table 5 are on cosets of reducible or symplectic subgroups.
Next we discuss U 6 (2). The indices of all geometric irreducible AS-maximals are greater than 2500. Consulting [16] we find the following candidates for maximal C 9 groups: A 7 , M 22 and U 4 (3). The normalisers of the first two of these have index greater than 2500 in U 6 (2), the normaliser of the third has index 1048. Consulting [32] we find L 3 (2).2 which preserves an orthogonal form, L 3 (4).2 which has index greater than 2500, L 4 (2) which is a subgroup of L 6 (2), U 4 (2) which preserves a quadratic form, S 6 (2) which is a subfield group, and G 2 (2) which preserves a symplectic form. Thus the only entries in Table 5 are on cosets of reducible groups, or on the cosets of N U 6 (2) (U 4 (3)).
We move on now to the symplectic groups. The first group which we must consider is S 4 (8). The symplectic groups in dimension 4 and characteristic 2 have an exceptional outer automorphism, and hence have a different maximal subgroup structure from the other symplectic groups, see [1] for details. The maximal imprimitive group Sp 2 (8) S 2 has index 2080, and is conjugate in Aut(S 4 (8)) to PSO greater than 2500. The largest C 9 group is Sz(8), but it has index greater than 2500 in S 4 (8) . There are assorted novelty maximal subgroups of S 4 (8).2 (graph automorphism) but, since they must have index at least 2 in the maximal subgroups of S 4 (8), we need only consider the novelty reducible. However, this has index 5265.
The next symplectic group on our list is S 6 (4). The C 2 , C 3 and C 5 AS-maximals all have indices greater than 2500. It is shown in [22] that C 4 groups are nonmaximal in symplectic groups for even q. The classical groups PSO + 6 (4) ∼ = L 4 (4) : 2 and PSO − 6 (4) ∼ = U 4 (4) : 2 have indices 2080 and 2016 respectively, and hence are shown in §7. From [16] we see that U 3 (3), J 2 and L 2 (13) might be maximal C 9 subgroups of S 6 (4), but all of these have index greater than 2500. From [32] we see that L 3 (4), U 3 (4) and G 2 (4) are potentially maximal. Of these, L 3 (4) has no symplectic representations, G 2 (4) has index 16320 in S 6 (4) and |S 6 (4)|/| PΓU 3 (4)| > 2500. Now we turn to Sp 10 (2). It follows from the main theorem of [30] that the irreducible maximal subgroups of Sp 10 (2) are geometric, or have socle A n for n = 11, 12. The ASmaximal imprimitive subgroups of Sp 10 (2) have index greater than 2500, as does the ASmaximal superfield subgroup. The classical groups PSO Table 6 follow.
Finally we turn to Sp 12 (2) . Similarly to the previous case, the imprimitive and semilinear AS-maximals have index greater than 2500, and there are no groups in class C i for 4 ≤ i ≤ 7. In C 8 we find PSO [30] that there are no C 9 groups of index less than | Sp 12 (2)|/14! > 2500. P Thus the almost simple primitive groups of degree less than 2500 are known.
Nonabelian composite socles
The final possibility for the socle of a finite primitive permutation group is that it is nonabelian and not simple. There are three types of groups that fall into this category: twisted wreath product groups, product action groups and diagonal action groups. In this section we classify the primitive groups with nonabelian composite socles of degree less than 2500.
For the twisted wreath product groups, it follows immediately from the statement of the O'Nan-Scott Theorem that the degree of any group with twisted wreath product action is at least 60 6 .
If G is a group of product action type then we may denote the socle of G by K m , where K is the socle of a primitive permutation group U of degree n of almost simple or diagonal type. The degree of G is n m and it follows from [10, Lemma 5] 
Since we are assuming that n m < 2500, only restricted values of n and m may occur. In particular, since 60 2 > 2500, U must be almost simple, and so K is a nonabelian simple group. The degree n of U is therefore at least 5, so m ≤ 4. If m = 2 then n ≤ 49; if m = 3 then n ≤ 13; and if m = 4 then n ≤ 7.
Our strategy to construct the groups is computational. We make extensive use of the fact that the primitive groups of degree less than 50 are well-known. It is clear that if two groups are conjugate in Q then their preimages are conjugate in M . We discuss our techniques for checking that all groups in the tables are pairwise inconjugate in the symmetric group in §6. The results are given in Tables 10 and 11 .
Finally, we construct the diagonal action groups. Since 60 2 > 2500, we need only consider groups with two factors in the socle. The simple groups of order less than 2500 are
, and L 2 (17) .
For each of these groups, we proceed as follows:
(a) If G has a maximal subgroup K of index |T |, construct the primitive permutation action of G on K.
(b) Return the list of primitive groups H such that Soc(G) = T 2 ≤ H ≤ G.
If two groups are conjugate in G, then they are conjugate in the symmetric group. We discuss how we double-checked the converse in the next section. There are only two cohorts of groups of degree greater than 1000: those with socle L 2 (13) × L 2 (13) and those with socle L 2 (17) × L 2 (17). They are described in the discussion at the beginning of Section 7.
Accuracy
In this section we describe the various checks that were applied to our data, and give an explicit list of which results of other people have been assumed as true without rechecking. There are three main types of errors which we wish to eliminate: mathematical, computational, and what we will term clerical, namely those errors that result from processing large amounts of data into complex tables. We will first discuss the most general checks that were applied, before considering each of the three types of error in turn.
The primitive groups of degree less than 1000 were compared with the lists in [10] , as corrected in [45] . This showed that we have found one additional cohort of primitive groups, an action of L 2 (41) on the cosets of A 5 , as well as rediscovering various previously-known errors, mostly concerning the rank of the normaliser.
The numbers of primitive soluble groups were compared with the lists in [12] . Our numbers agreed in all cases with theirs.
Within each degree, all groups were checked to be pairwise inconjugate. To do this we used the techniques of [45] . First we computed, for each group G, a signature consisting of |G|, the transitivity k of G, the multiset of orbit lengths of the k-point stabiliser, the multiset of chief factors of G, and the orders of all groups in the derived series of G. The groups were put into equivalence classes by signature, and those in classes of size one were discarded.
We then computed the Sylow 2-subgroup of each remaining group, and partitioned the groups yet further using their extended signature: the signature extended by an extra coordinate containing the multisets of isomorphism types of all abelian groups of order not divisible by 512 that occur as quotients in the derived series of G. Again, groups in equivalence classes of size 1 were discarded.
Next, we computed the point stabiliser and the derived subgroup of each remaining group, and partitioned each class yet further by the extended signature of each of these groups group. Very few groups remained after this procedure, and none were in equivalence classes of size greater than 2. We simply checked that each pair of groups were nonisomorphic.
As far as other sources of information are concerned, we assumed all that of the results cited in Propositions 4.3, 4.4 and 4.5 were correct. We have assumed the accuracy of [32] and of the corrected version of [16] . When using the ATLAS, we have checked the current version of Norton's "Improvements to the Atlas", from http://web.mat.bham.ac.uk/atlas/v2.0/. We have obviously made extensive use of [1] , [19] and [22] .
Next we consider the computational accuracy. The most basic test was to re-run all of the code several times, often with minor adjustments to the actual coding, and to check that the results agreed. The algorithms of [17] were used to make many of the geometric maximal subgroups: each time we did this we checked that the groups constructed were equal to their own normalisers. The code for the amenable groups has now been in Magma for at least a year: the fact that it is in regular use by many people, and that no bugs have been found after the initial period, gives us a reasonable degree of confidence that the implementation is reliable. We also performed various of our calculations with almost simple groups in GAP as well.
We finish with a discussion of the clerical checks. Firstly, we have repeatedly examined the tables, comparing descriptions with those in the ATLAS, and ensuring that the content of the tables matches the descriptions in the relevant section of the paper. Since the groups that we have constructed are to go into a database, we have electronic files of all of them, and have checked that the totals from the paper copy agree with the files. For all of the amenable groups, a Magma run was done to print out the degrees of the primitive actions, and the number of groups in each cohort. This was then compared with the typeset version.
The Tables
In this section we give the tables describing the primitive groups of degree at least 1000 and less than 2500. See the online version of this article for extended tables which describe all primitive groups of degree less than 2500. For the groups of degree less than 1000, our results agree with the lists given in [45] , with a single exception. This is an additional cohort of almost simple groups of degree 574, which consists of a single group that is equal to its own normaliser in S 574 . This group is L 2 (41), acting on the cosets of A 5 . The action has rank 16.
Each table of almost simple groups follows a similar format. The first column describes the minimal primitive group G in the cohort, generally in ATLAS notation. Underneath we state the structure of the outer automorhism group of the socle of G. The column labelled "Conditions", if it exists, gives any parameters for which whole families of groups may occur: we continue with the convention that p is prime and q = p e . The next column is the degree d of all of the groups in the cohort. The next column gives the structure of the point stabiliser in the group G, again in ATLAS notation. After this we describe the structure of 
N , the normaliser in S d of the socle H of the primitive group G, as an extension of H. The penultimate column gives the rank of N in this degree d action, and the final column gives the number of groups in the cohort. When describing the product action groups, the structure of the normaliser of G in S d is clear, and the structure of the point stabiliser can be deduced by examining the tables of almost simple primitive groups. Thus these columns are omitted.
We do not give a table for the diagonal action groups, as there are only two cohorts of degree at least 1000 and less than 2500. There is a cohort with socle L 2 (13) × L 2 (13), of degree 1092. The rank of the normaliser in the symmetric group is 8, and there are 5 groups in the cohort. There is a cohort with socle L 2 (17) × L 2 (17), of degree 2448. The rank of the normaliser in the symmetric group is 10, and there are 5 groups in the cohort.
When describing the groups of affine type of degree p d we simply list the numbers of soluble and insoluble primitive subgroups of AGL d (p), for all p d < 2500 with d > 1. If d = 1 then the number of primitive groups of affine type is equal to the number of divisors of p − 1, as each group has the form p : x with x|(p − 1).
Representations of the groups of degree greater than 1000 will shortly be available as both Magma and GAP databases. In the meantime they may be downloaded from http://magma.maths.usyd.edu.au/users/colva. Table 7 : Type F: PΩ n (q), n > 6 
